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A field theory which is based entirely on fermion fields is non-renormalizable if the kinetic 
energy contains only derivatives of first order and therefore higher derivatives have to be 
included. Such field theories may be useful for describing preons and their interaction. In this 
note we show that a spinor field which satisfies a higher order field equation with an arbitrary 
nonlinear selfinteraction can be written as a sum of fields which satisfy first order equations. 

Introduction 

One way of trying to solve the ou t s t and ing 
problems of the s tandard model consists in con-
sidering models in which leptons and qua rks are 
composi te particles built up out of even smal le r 
constituents which are ( somet imes) called preons. 
This idea entails two basic quest ions: what sort of 
particles are these preons and how do they interact? 
Certainly some of t hem must have spin 4- F o r 
aesthetical and economical reasons we would like to 
assume that they all have spin 4- In analogy to the 
s tandard model their interact ion is usually a s sumed 
to be based on a non-abe l ian gauge symmetry . 
Apart f r om the fact that in this way e lementa ry 
particles with spin 1 are in t roduced in add i t ion to 
the spin 4 preons there is ano the r reason why 
nature m a y not repeat itself on this more f u n d a -
mental level. Non-abe l i an gauge theor ies are 
asymptotical ly free, which means that the inter-
action becomes small if the preons are close to-
gether. On the o ther hand , leptons and qua rks are 
very small, smaller than 10~ 1 6 cm. There fo re , d u e to 
the uncertainty pr inciple the kinet ic energy of the 
preons must be h igher than 100 GeV. T h e mass of 
the composi te systems, e.g. the electron, is very 
small on that scale. Hence one needs a suff ic ient ly 
high b inding energy and it is not at all clear whe the r 
an asymptotical ly f ree theory can provide such a 
binding energy. This p rob lem does not arise in 
Q C D because hadrons have an extension of 
1 0 - l 3 c m , so that the kinet ic energy of qua rks is of 
the same order of m a g n i t u d e as the mass of the 
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hadrons. Hence the asympto t ic f r e e d o m of Q C D not 
only poses no p rob lem but fits in r a the r nicely. O n 
the preon level, however , a sympto t i c f r e e d o m 
creates a problem. W e would t he re fo re p re fe r to 
introduce a se l f in teract ion of the p reon f ields 
because such an interact ion is especial ly effect ive if 
the particles are close toge ther and because in this 
case there is no need for e lementa ry spin 1 bosons. 

Selfinteraction of f e rmion fields, however , poses 
another problem. Since the in terac t ion must be 
Lorentz invariant it has to be a p r o d u c t of at least 
four fe rmion fields. Th i s leads to a non- renor -
malizable theory if the kinet ic t e rm of the Lagran-
gian is of first o rde r in the der ivat ives . If one insists 
on renormalizabi l i ty one has to inc lude h igher o r d e r 
derivatives. Such theor ies a f te r quan t i za t i on lead to 
negat ive-norm states in Fock space and hence to a 
non-unitary S-mat r ix at t ree level. T h e history of 
higher order field theor ies and the p rob lem of 
indefini te metr ic have been discussed in a recent 
publ icat ion [1], S tumpf [2] has recently shown tha t 
in such theories for h igh preon masses b o u n d states 
with positive no rm and low mass exist. 

Let us therefore cons ider a theory which conta ins 
a finite set of D i rac spinors y/^ (A' = 1 , . . . , N) satis-
fying a nonl inear h igher o rde r equa t ion . W e will 
show in this note that such f ie lds can be de-
composed into f ields cpki which sat isfy non l inear 
first order equat ions . Such a decompos i t i on has two 
advantages. If we switch off the in terac t ion the (pki 

satisfy the free D i r ac equa t ion and hence there is a 
particle in terpreta t ion. In add i t ion the c o m m u t a t o r 
of the Hami l ton ian with a field var iab le yields es-
sentially the t ime der iva t ive of tha t f ield var iable . If 
the equat ion of mo t ion is of first o r d e r then one can 
by el iminat ing the t ime der ive equa t ions for the 
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eigenvalues and eigenstates of the Hami l ton ian 
which are of the same type as the non-relat ivist ic 
Schrödinger equation. 

This decomposit ion of fields which satisfy higher 
order field equations was int roduced by Pais and 
Uhlenbeck [3] for free fields. When they considered 
the interaction of a spinor field with the electro-
magnetic field then they encountered diff icult ies. 
Stumpf [4] has shown recently that if a spinor field 
satisfies a nonlinear higher order equa t ion then the 
decomposition leads to fields which obey a non-
linear first order equat ion. The equivalence of these 
two equations, however, was only shown for bound 
state solutions. In this note we will prove the same 
theorem without using this assumption. 

The decomposition 

In the following we will only treat the case N = 1, 
so that we have only one spinor field y/\ = t//. All 
considerations are easily generalized to the case 
N > 1. Let us assume that we have a nonl inear 
higher order equat ion 

n ('" / a li-ml)y/=V{y,), 
i— 1 

where 

m, 4= mk if / 4= k , 

(1) 

(2) 

and V is an arbitrary funct ion, and let Mv denote 
the set of all solutions of this equat ion. Start ing 
from a solution i// of (1) we can def ine the funct ions 

The map F which is given by (3) is one- to-one 
and maps M¥ onto Mv. The inverse of this m a p is 
given by 

V=n<Pi-

Let first derive the identity 

X >h I I (* ~ m k ) = 1 
i= I k = 1 

k±i 
for arbitrary a. If we define 

/=i 

then because of (2) one has 

1 " A-1 A j 

/ ( a ) / = ) a - m j 

(6) 

(7) 

(8) 

(9) 

To determine the coefficients A, we mult iply bo th 
sides of this equat ion with / ( a ) (a - mr). This yields 

a - m r - X 

j+r 

' (a - mr) /(a) + A r f ( i ) . 
' (10) 

If we differentiate both sides of this equat ion with 
respect to a and then put i = m r then we obta in 

\=Arf'(mr). (11) 

From the definit ion o f / ( a ) (Eq. (8)) it follows that 
n 

/ ' ( ' » , ) = 1 1 i r n r - m ) . (12) 

(pi •= ii I I (' y*1 du - mk) v • 
k = 1 

where 

1i-= [ Et (ni, -mk) 

(3) 

(4) 
k = l 

. A- =t= / 

Let us fur ther consider the following set of first 
order nonlinear equations: 

I " \ (5) 
(/ yM Ö, - irij) cpi = rji V X <P] . • = 1 n ^ 

7 = 1 

and let M^ denote the set of all solutions of this 
equation. The content of this note will then be the 
proof of the following theorem: 

Equations (4), (11) and (12) imply 

A,. = )]r. (13) 

Inserting this equation into (9) and mult iplying the 
resulting equation with / (a) one obtains the wanted 
identity (7). 

Equation (7) is an identity in a, i.e. it is t rue for 
arbitrary a. Therefore, if we write the r ight -hand 
side of (7) as a polynomial in i then the constant 
term equals 1 and the coefficients of all h igher 
powers of i are zero. That means that (7) remains 
true if we choose i to be an operator, e.g. i = i 

To prove our theorem we first show that the m a p 
F given by (3) maps M v into M v . That means we 
show that if y/ is a solution of (1) then the (pi de f ined 



by (3) are solut ions of (5). N o w f r o m the def in i t ion 
(3) and identity (7) for a = i yM it fol lows that 

n n n 

n, I I (' t s / < - m k ) (14) 
/= i /= 1 k = I 

Therefore , one has f r o m (3) and (1) 

n 
(i yM dM - nij) cpi = rji ü (' 7M öm ~ mk) ¥ 

k= 1 

= r , i V ( v ) = r U v [ Y J v j J (15) 

which is (5). 
To prove the r ema in ing assertions of the theorem 

we consider the m a p 

n 
F(<P\, <Pn) = X <Pi (16) 

/= 1 

def ined on Mv. F r o m (5) and (7) we f ind 

n 

I I (»' VM - mi) F((p\,...,(pn) 

/•= 1 7= 1 

;=1 /=1 \k=1 

= V(F((pu...,cpn)). (17) 

Therefore , F . . . , < p „ ) is a solut ion of (1) and 
hence F m a p s A/^ in to M¥. 

We will now show tha t 

FF=\m>, 

FF = \ M . 

(18) 

(19) 

where \M<li and \Mip a re the identi ty m a p on M¥ and 
M¥, respectively. 

It then follows f r o m (18) that F is one- to-one and 
f rom (19) that F m a p s M¥ onto Mv. In add i t ion it 

follows that F = F~] and hence the p roof of the 
theorem is complete . 

From (16), (3), and (7) on has 

n n 

FFip=Y.1iYI (< VM - >"k) (20) 
/= 1 k = 1 

and hence (18) is true. To prove (19) we have to 
show that 

( F F ( < p u ...,(pn))i= (pi (21) 

if ((p\,..., (pn) e Mv. Fo r s impl ic i ty we show this 
only for / = 1. F r o m (3) and (16) one f inds 

3 (22) 
n n 

(FF ((P\,..., (pn)) 1 = Hl n 0' yM - mk) X <Pj • 
k=2 j=1 

Since (<p\,..., (pn) e M^ it fol lows f r o m (5) tha t 

— (i t dM ~ Wj) (pj = — (/ y" - m , ) (px . (23) 
Ii 1\ 

From this it fol lows that 

(FF(<pu..., (pn))x 

n 

= h n (' yM - mk) (px 
k = 2 

n n 

+ X >7i I I ( ' yß dM - mk) <Pj 
,/=2 k=2 

n (i yM d» - mk) (p\ >7l ±± V / "M 
k = 2 
n n 

+ X >/i n (' yM ^ - mk) — (i VM (P\ 
/•= 2 k — 2 1\ 

= X 1j n (' yM - mk) (P\ = <px 
/=I k= 1 

k*j 

and hence (19) is t rue. 
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